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Hydrogen recombination in the early Universe in the presence of a magnetic field
is studied. An equation for the temperature of recombination in the presence of a
magnetic field is derived. Limiting cases of weak and strong fields are considered. It
is demonstrated that there exists a critical magnetic field, above which the system
stays in the phase of atomic hydrogen for all temperatures. The relative shift of the
temperature of recombination in the presence of a magnetic field is estimated and it
is demonstrated that this shift is small.
It is well known that in the early Universe a phase transition from the plasma of electrons
and protons to the atomic hydrogen took place at the recombination temperature Tr =
0.27 eV. At the same time there exist magnetic fields in the universe, and magnetic fields
were also present at the recombination time. Thus it is of interest to study the influence of
the magnetic fields on the process of hydrogen recombination from electron-proton plasma.
As shown below, in the "weak" magnetic field it is sufficient to consider the effect of the
field on electronic component of the plasma only. The contribution of protons and hydrogen
atoms to the recombination temperature is small compared to the contribution of electrons.
Since the recombination temperature is much less then the electron mass, Tr ≪ me, we will
further consider the non-relativistic approximation.
Electron density in the magnetic field in non-relativistic approximation is given by
ne = e
µe
T
(
eB
2pi
) ∞∑
n=0
∑
s=±1
∫ +∞
−∞
dpz
2pi
e−ωB/T , (1)
where µe is the chemical potential and the spectrum of electrons in a magnetic field is
ω2B = p
2
z +m
2
e + eB(2n+ 1 + s) (2)
2Next we find that (z ≡ eµe/T )
ne = z
eBT
2pi2
∞∑
n=0
∑
s=±1
∫ ∞
0
dxe−
√
x2+λ2
T , (3)
here we use the following notation
λ2T =
m2e + eB(2n+ 1 + s)
T 2
(4)
Since ∫ ∞
λT
xdx√
x2 − λ2T
e−x = λTK1(λT ), (5)
where K1 is the Macdonald fuction, we find that
ne = z
eBT
2pi2
∞∑
n=0
∑
s=±1
λTK1(λT ). (6)
Summing up the spin states s = ±1 and keeping the contribution n = 0 separately we obtain
ne = z
eB
2pi2
meK1
(me
T
)
+ 2z
eB
2pi2
∞∑
n=1
√
m2e + 2neBK1
(√
m2e + 2neB
T
)
(7)
Let us consider the limit of weak field, eB ≪ T 2. In this limit one can use the Euler-
Maclaurin summation formula
∞∑
n=1
Φ(n) = −1
2
Φ(0) +
∫ ∞
0
dzΦ(z) − 1
12
Φ′(0) (8)
Then the electron density in the weak field takes the form
ne = z
m2eT
pi2
K2
(me
T
)
− z (eB)
2
24pi2me
[
2K1
(me
T
)
− me
T
K0
(me
T
)
− me
T
K2
(me
T
)]
(9)
Taking into account the properties of Macdonald function
− xK0(x) + xK2(x) = 2K1(x) (10)
we find
ne = z
m2eT
pi2
K2
(me
T
)
+ z
(eB)2
12pi2T
K0
(me
T
)
(11)
Taking into account thatKν(x)→
√
pi/2xe−x when x≫ 1 we obtain the following expression
for the electron density in the non-relativistic limit in the weak magnetic field
ne = 2z
(
meT
2pi
)3/2
e−me/T
[
1 +
(eB)2
12m2eT
2
]
(12)
3To derive Saha equation in the presence of magnetic field we will single out the value of
electron density in the absence of magnetic field
ne = n0ϕ(B)
ϕ(B) =
eB
2meT
+ eB
∞∑
n=1
(m2e + 2neB)
1/4
Tm
3/2
e
exp
{
me −
√
m2e + 2neB
T
}
(13)
where
n0 = 2e
µe
T
(
meT
2pi
)3/2
e−me/T (14)
is the value of electron density ne at B = 0. Densities of protons and hydrogen atoms in
non-relativistic approximation are
np = 2
(
mpT
2pi
)3/2
e(µp−mp)/T (15)
nH = 4
(
mHT
2pi
)3/2
e(µH−mH )/T (16)
Here µp and µH are chemical potentials of protons and hydrogen atoms. We will further use
the notations
Xp ≡
np
nB
, XH ≡
nH
nB
, (17)
where nB is the baryon density. Then the baryon number density nB(T ) = ηBnγ(T ) and the
density of the number of photons is the known function of temperature
nγ = 2
ζ(3)
pi2
T 3, ζ(3) ≃ 1.2 (18)
The value of baryon-photon ratio is ηB ≃ 6.65 · 10−10.
Following the derivation of Saha equation in the absence of the magnetic field, presented
in [1], we will obtain the corresponding equation with the account for the magnetic field
Xp + nBX
2
p
(
2pi
meT
)3/2
1
ϕ(B)
e
∆H
T = 1, (19)
where ∆H ≡ mp + me − mH = 13.6 eV is the biding energy of hydrogen and we have
neglected the difference between mp and mH . Expressing nB through baryon-photon ratio
ηB and using the formula for nγ, we obtain the equation with dimensionless variables only
Xp +
2ζ(3)
pi2
ηB
(
2piT
me
)3/2
X2p
1
ϕ(B)
e
∆H
T = 1 (20)
4The second term is a relative concentration of hydrogen atoms, expressed through Xp,
XH =
2ζ(3)
pi2
ηB
(
2piT
me
)3/2
X2p
1
ϕ(B)
e
∆H
T (21)
Recombination takes place when both Xp ∼ 1, XH ∼ 1. This leads to
∆H
TB
= −ln
(
2ζ(3)
pi2
ηB
(
2piTB
me
)3/2
1
ϕ
)
(22)
This formula is obtained by substituting Xp(TB) ∼ XH(TB) ∼ 1 into the formula (21), and
it allows to find the recombination temperature in a magnetic field TB. Let us rewrite this
equation in the following form
∆H
TB
= ln
(
pi2
2ζ(3)
η−1B
(me
2pi
)3/2(∆H
TB
)3/2
1
∆
3/2
H
ϕ(B)
)
(23)
Equation can be expressed as
x = lnAxαϕ(B), (24)
where
A =
√
pi
4
√
2ζ(3)
(
me
∆H
)3/2
η−1B , α =
3
2
, x =
∆H
TB
(25)
In the absence of a magnetic field, ϕ(B) = 1, the solution is given by [1]
Tr =
∆H
ln
( √
pi
4
√
2ζ(3)
(
me
∆H
)3/2
η−1B
) (26)
From (26) we find Tr ≃ 0.38 eV. The numerical solution of the equation (24) with ϕ(B) = 1
gives Tr = 0.33 eV [1].
Let us consider the temperature of recombination in the case of weak field eB ≪ T 2.
From equation (12) one has for ϕ(B)
ϕ = 1 +
(eB)2
12m2eT
2
(27)
To find the correction to the temperature of recombination in this limit, one has to solve
the equation (24) with ϕ(B) defined by the expression (27) using the perturbation theory,
TB = Tr(1− ε) with ε≪ 1. We find
TB = Tr
(
1− (eB)
2T 3r
12m2e∆
5
H
)
,
√
eB ≪ T (28)
5Let us consider another limiting case of "strong" magnetic field m2e ≫ eB ≫ meT . In
this limit we can leave only the lowest Landau level in ϕ(B). The electron density is then
given by
ne = n0
eB
2meT
= n0
eB
2me∆H
x, x =
∆H
T
(29)
From equation (24) we find
x = lnA
eB
2me∆H
xα+1 (30)
The solution of this equation is given by
TB =
Tr
1 + Tr
∆H
ln eB
2me∆H
, m2e ≫ eB ≫ meT (31)
The numerical solution of equation (24) is shown in Fig. (1). Dashed line corresponds
to unphysical solution that goes from zero. As one can see, there exists a critical value
of a magnetic field, eBc/me∆H = 0.0462 (eBc = 1.67 · 107 Gs), above which the solution
does not exit. This means that the system is in the state of atomic hydrogen at B > Bc. In
such magnetic fields electrons occupy the lowest Landau level, and we always have the bound
system of proton and electron. Note that the critical magnetic field is eBc ≪ eB = m2e ∼ 1013
Gs and the constraints on the magnetic field used above are valid.
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Figure 1. Recombination temperature as a function of the magnetic field. Dashed line corresponds to an
unphysical branch of the solution.
Let us consider the corrections due to the change of densities of protons and hydrogen
atoms in a magnetic field. Clearly, the correction to the recombination temperature due to
6protons in a weak field is given by (28) with the substitution me → mP . One can see that
this correction is strongly suppressed as compared to the correction due to electrons, the
suppression is due to proton mass.
The hydrogen density in the weak fields eB ≪ T 2 is in the first order due to the shift
of binding energy ∆H . In the weak fields this shift is well known [2], ∆E = B
2/12m2ee
2.
Thus, the relative change of hydrogen density compared to the change of electron density is
(∆nH/nH)/(∆ne/ne) = Tr/mee
4 ≈ 0.01.
Let us make an estimate of a magnetic field at the recombination time. Homogeneous
magnetic field at time ti depends on the scale factor ai [3]
B(t) = B(ti)
(
a(ti)
a(t)
)2
(32)
On the other hand, at the stage of dominating nonrelativistic matter, the effective tem-
perature is Teff ∝ 1/a2(t) [1]. Thus we have an estimate for the magnetic field at the
recombination stage
Br =
(
Tr
T0
)
B0, (33)
where B0 and T0 are modern values of magnetic field and temperature. Setting Tr = 0.27
eV, T0 = 2.25 · 10−4 eV and the modern value of intergalactic magnetic field is B0 = 10−10
Gs, we find that the estimate of a magnetic field at the recombination is Br ∼ 1.2 · 10−7 Gs
≃ 2.3 · 10−9 eV2. Next we find the relative shift of the recombination temperature due to
magnetic field from equation (28), ∆T/Tr ∼ 10−49. Planck collaboration [4] gives the value
of a magnetic field at recombimation B(1Mpc) < 0.7 · 10−9 Gs. In such fields the relative
shift of the recombination temperature will be smaller by four orders of magnitude.
Plasma of electrons and protons above phase transition is a thermodynamic system in
the paramagnetic phase. On the other hand, atomic hydrogen below critical temperature
is in a diamagnetic phase. The free energy is being minimized (the pressure is maximized),
and the paramagnetic phase is thermodynamically preferable. Thus, the temperature of the
transition from plasma phase to the hydrogen phase is decreased as compared to the case of
zero magnetic field.
The consideration of the recombination in the early Universe presented above may be
useful for the consideration of recombination of hydrogen in the supernova explosions, where
strong magnetic fields may exist.
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